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We analyze a heat machine based on a periodically-driven quantum system permanently coupled
to hot and cold baths. It is shown that the maximal power output of a degenerate V -type three-level
heat engine is that generated by two independent two-level systems. For N levels, this maximal
enhancement is (N − 1)-fold. Hence, level degeneracy is a thermodynamic resource that may effec-
tively boost the power output. The efficiency, however, is not affected. We find that coherence is
not an essential asset in multilevel-based heat machines. The existence of multiple thermalization
pathways sharing a common ground state suffices for power enhancement.
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Introduction The rapport between quantum mechan-
ics and thermodynamics is still an open problem [1, 2].
Its technological and fundamental implications have mo-
tivated numerous proposals of heat machines based on
quantum systems [3–22]. Two main issues underlie
such proposals: What are the bounds on the perfor-
mance of quantum heat machines, i.e. their power out-
put and efficiency [1, 2, 23–26], and what thermodynamic
properties (or resources) of quantum systems determine
these bounds [27–30]? A pioneering approach address-
ing these issues [31, 32] has identified steady-state coher-
ence [33, 34] between the levels of a quantum system as
a thermodynamic resource.
Here we wish to elucidate these issues from first prin-
ciples. We resort to a general framework for the descrip-
tion of a steady-state continuous heat machine based on
a periodically-driven quantum system permanently cou-
pled to hot and cold baths [15, 21]. This framework en-
forces consistency with the first and second laws by con-
structing appropriate heat currents flowing between the
baths via the system [21, 35]. To account for the possi-
ble rôle of coherences we extend this framework, hitherto
applied to a two-level system (TLS) [15, 21], to an anal-
ogous heat engine based on a multilevel system, in par-
ticular a V -type three-level system as depicted in Fig. 1a.
The performance is compared to two independent TLS
heat engines (cf. Fig. 1b), where steady-state coherence
is absent. We show that steady-state coherence does not
affect the efficiency, nor does maximal power boost nec-
essarily require coherence.
Model and steady-state treatment We consider a V -
type three-level system with degenerate excited states
|1〉 and |2〉, ground state |0〉 and transition frequency
ω0. To operate a heat machine, we simultaneously con-
nect this system to two (hot and cold) baths and a “pis-
ton”, here realized by a periodic modulation of the upper
levels [15, 21] that results in a periodic transition fre-
quency ω0 + ω(t), with ω
(
t+ 2piΩ
)
= ω(t), where Ω de-
notes the modulation rate. The system–bath interaction
Figure 1. (Color online) a) Multilevel heat machine: A nearly-
degenerate V -type three-level system whose upper levels un-
dergo periodic modulation while simultaneously interacting
with a cold and a hot bath. The ground and excited states
are incoherently populated by absorption of quanta from and
(spontaneous and stimulated) emission to these baths (dotted
blue: cold bath, solid red: hot bath). b) Comparison to two
independent two-level systems subject to the same environ-
ment and modulation.
is described by the following generic Hamiltonian in the
rotating wave approximation,
HSB =
2∑
j=1
∑
i∈{c,h}
(
σj+ ⊗ dj ·Bi + σj− ⊗ d∗j ·B†i
)
, (1)
where σj+ := |j〉〈0|, σj− := |0〉〈j|, dj is the transition
dipole between the excited state |j〉 and the ground state
|0〉, and Bi is the hot (h) or cold (c) bath operator. For
simplicity we here restrict the treatment to real dipoles of
equal strength, d = |d1| = |d2|. These transition dipoles
need not to be parallel (aligned), as discussed below.
As detailed in [35] the periodicity of the modulation
implies that the dynamics of the system’s density matrix
in the interaction picture is governed by a linear combi-
nation of “sub-bath” Lindblad operators, i.e., operators
associated with the two baths i ∈ {c,h}, evaluated at the
harmonic sidebands q = 0,±1,±2, . . . of the modulation
frequency Ω. The master equation then reads
ρ˙ =
∑
q∈Z
∑
i={c,h}
Lqi ρ (2a)
with the Liouvillian superoperators of the (i, q) “sub-
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2baths”
Lqi ρ = P (q)
Gi(ω0 + qΩ)
2
×
2∑
j=1
D(σj−, σj+) + ∑
j′ 6=j
pD(σj−, σj
′
+)

+ P (q)
Gi(−ω0 − qΩ)
2
×
2∑
j=1
D(σj+, σj−) + ∑
j′ 6=j
pD(σj+, σj
′
−)
 . (2b)
Here P (q) is the weight of the qth harmonic (deter-
mined by the modulation form) [35] and the dissipa-
tor reads D(a, b) := 2aρb − baρ − ρba for any opera-
tors a, b. The factors Gi(±ω) are the coupling spectra
to the ith bath. They fulfill the KMS condition [36]
Gi(−ω) = e−βi~ωGi(ω) with Gi(ω) = γi(ω) (n¯i(ω) + 1),
where γi(ω) is the frequency-dependent transition rate
induced by the ith bath and n¯i(ω) denotes the cor-
responding number of thermal quanta at inverse tem-
perature βi = 1/kBTi. The dissipators D(σj−, σj+) and
D(σj+, σj−) describe emission and absorption (and hence
population transfer) involving separate transitions (|1〉 ↔
|0〉 and |2〉 ↔ |0〉) via their common ground state. By
contrast, D(σj−, σj
′ 6=j
+ ) and D(σj+, σj
′ 6=j
− ) describe cross-
correlations between the two transitions, allowing for
bath-induced quanta exchange between the two excited
states and thereby generating coherences between these
states. An important parameter is the dipole alignment
factor p := d1·d2|d1||d2| ≡ cos](d1,d2). In the SI, the cases
of parallel and anti-parallel dipoles are shown to be anal-
ogous, so that we can without loss of generality restrict
the domain to p ∈ [0, 1].
Analysis The energy that is continuously exchanged
between the three-level system and the heat baths is re-
lated, according to the first law, to the power (the rate of
workW extracted by the piston) by [37] W˙ = −(Jc+Jh).
This expression involves the sum of heat currents from
both baths, which can be derived from the dynamical
version of the second law [2]. Their explicit expression
for the ith bath (i ∈ {c,h}) is Ji =
∑
q J
q
i , where the
heat current Jqi for the qth harmonic “sub-bath” (q ∈ Z)
in Eq. (2b) reads [2, 35]
Jqi := −
1
βi
Tr [(Lqi ρ) ln(ρqi )] . (3)
Here, ρqi denotes the local steady state for a single heat
bath at temperature Ti evaluated at the sideband ω0+qΩ.
We stress that the global steady state ρ ensures the cor-
rect description of heat transport in this correlated three-
state system, avoiding inconsistencies with the second
law due to the improper use of local variables, as dis-
cussed in [38]. Since every Liouvillian Lqi in the master
equation (2a) has the same functional dependence (2b)
on the atomic operators, the correct global solution can
be directly obtained from the local one.
We here search for the steady-state solution of the mas-
ter equation (2a) and the resulting expressions for Jh(c).
At this point we are unaware of the bound for these
currents and its dependence on alignment. These heat
currents are therefore compared to the corresponding ex-
pressions JTLSi for a two-level system (TLS) with the
same transition-dipole strength d and modulated transi-
tion frequency ω0 + ω(t) [21].
The master equation (2a) can be reduced to an analyti-
cally solvable inhomogeneous system of linear differential
equations x˙ = Ax+ b for the vector of matrix elements
x := (ρ21, ρ12, ρ00, ρ22)
T . This system of ordinary dif-
ferential equations (ODEs) (see SI) describes two very
distinct dynamical regimes corresponding to aligned and
misaligned transition dipoles, as detailed in what follows.
(i) Let us first consider the very general steady-state
regime obtained for near-degenerate upper levels with
similar transition frequencies ωj (j = 1, 2) andmisaligned
transition dipoles, p ∈ [0, 1). The three-level system then
thermalizes to the diagonal steady state (without coher-
ences)
ρssjj = ρ
ss
00
∑
q
∑
i P (q)Gi(−ωj − qΩ)∑
q
∑
i P (q)Gi(ωj + qΩ)
. (4)
In what follows we neglect for simplicity the difference
between the transition frequencies, i.e. we set ωj = ω0.
Then the cumbersome r.h.s. of Eq. (4) is reduced to a
Boltzmann factor for an effective inverse temperature βeff
defined by
e−βeff~ω0 :=
∑
q
∑
i P (q)Gi(−ω0 − qΩ)∑
q
∑
i P (q)Gi(ω0 + qΩ)
, (5)
which is bounded by the real inverse temperatures βh ≤
βeff ≤ βc of the two baths. This effective temperature
determines the steady-state populations of the periodi-
cally modulated system coupled to both baths. We can
control βeff by engineering the modulation Floquet co-
efficients P (q) that determine the overlap of the side-
band peaks (q = ±1,±2, . . . ) at the frequency harmonics
ω0+qΩ with the response spectra Gi(ω) of the two baths,
as sketched in Fig. 2a.
Upon computing the heat currents (3), we find that
Jh, Jc and the power W˙ are modified (relative to their
TLS counterparts [21]) by the same factor
W˙
W˙TLS
≡ Ji
JTLSi
= 2
ρss00
ρTLS00
= 2
1 + e−βeff~ω0
1 + 2e−βeff~ω0
. (6)
This means that the power enhancement relative to a
TLS heat machine is determined by the ratio of the
steady-state ground-state population ρss00 in the V -system
3to its TLS counterpart. Namely, in this fully thermal-
ized incoherent regime the enhancement factor (6) only
depends on the effective temperature (5).
(ii) For fully degenerate excited states and aligned
dipole moments (p = 1) we find that det(A) = 0 in the
ODE above, due to a singularity of the coefficient ma-
trix A (see SI). This implies that an infinite number of
steady-state solutions may exist. Indeed, in this regime
the dynamics is constrained by the existence of a dark
state which renders the steady-state solution dependent
on the initial conditions (in agreement with the expres-
sion found for a single bath in [33]). The steady-state
solution now depends on the overlap of the initial state
ρ(0) with the non-dark states (i.e. the ground state and
the bright state) of the full Liouvillian L in Eqs. (2). The
rôle of these states becomes apparent upon diagonalizing
the steady-state solution that yields the populations (see
SI)
ρssbb =
1
1 + eβeff~ω0
[ρbb(0) + ρ00(0)] ≡ e−βeff~ω0ρss00 (7a)
ρssdd = 〈ψd|ρ(0)|ψd〉 (7b)
in the basis spanned by {|ψb〉 , |ψd〉 , |0〉}. Here |ψb〉 :=
1√
2
(|1〉+ |2〉) and |ψd〉 := 1√2 (|1〉 − |2〉) denote the
bright and dark states, respectively. Whilst the dark-
state population cannot change, i.e. it is a constant of
motion (consistent with the one obtained in [34] for a
single zero-temperature bath and external driving), the
bright- and ground-state populations, ρbb and ρ00, re-
spectively, thermalize. The same results hold for anti-
parallel dipoles upon interchanging the dark and the
bright states.
Proceeding as before in the non-aligned case, we find
the power ratio
W˙
W˙TLS
≡ Ji
JTLSi
= 2
ρss00
ρTLS00
= 2 [ρbb(0) + ρ00(0)] . (8)
Hence, the power (as well as the heat currents) in the
aligned regime are enhanced relative to their TLS coun-
terparts by at most a factor of two, just as in the mis-
aligned regime [Eq. (6)]. Yet, contrary to the latter,
the ratio (8) does not depend on the bath spectra but
solely on the initial populations of the non-dark states.
Enhancement in (8) requires ρbb(0) + ρ00(0) > 12 , or,
equivalently, 〈ψd|ρ(0)|ψd〉 < 12 , i.e. at least half of the
initial-state population has to be non-dark. Maximal en-
hancement occurs when the initial state is amenable to
full thermalization, i.e. it is non-dark.
For a given initial ground-state population ρ00(0), the
states orthogonal to the dark subspace are characterized
by ρ11(0) = ρ22(0) = ρ21(0) = 12 [1− ρ00(0)]. These are
the states with the maximally allowed modulus of the
ρ21(0) coherence (for a fixed ground-state population)
and the correct phase. We have plotted the maximum
power output under sinusoidal modulation for a TLS, a
c)
b)
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Figure 2. (Color online) a) “Engineering” of the effective tem-
perature Teff by controlling the weights of harmonic sidebands
(via the modulation) in the two bath spectra. b) Absolute
value of the maximum power extraction (from bottom to top:
TLS, non-aligned three-level system, aligned three-level sys-
tem under optimal initial conditions) for Tc = 0.1Th. c) Mod-
ulus |ρss21| of the steady-state coherence for parallel dipoles.
Maximal power boost [occurring for small initial dark-state
populations according to Eq. (8)] corresponds to relatively
small steady-state coherences. The highest steady-state co-
herence is realized for a dark initial state, which yields zero
power.
non-aligned, and an aligned V -system in Fig. 2b. The
spectra are chosen as in [21] such that only Gc(ω0) and
Gh(ω0 + Ω) contribute (as sketched in Fig. 2a) and the
modulation frequency has been tuned to the value max-
imizing the power output.
We stress that a non-dark initial state does not corre-
spond to a steady state with maximal coherence |ρss21|. In
fact, the coherence |ρss21| is maximized for an initial dark
state, which does not exchange energy with the baths
and gives zero power, see Fig. 2c.
It is natural to ask: How much initial overlap with the
dark state is allowed such that the aligned configuration
still outperforms its misaligned counterpart? The answer
is, for 〈ψd|ρ(0)|ψd〉 < 12+eβeff~ω0 . The latter becomes an
equality for the overlap for which the coherences vanish
even in the aligned case (see Fig. 2c).
Let us now compare the enhancement factors (6) and
(8) for the misaligned (p < 1) and aligned (p = 1)
regimes. Their ratio is determined by their respective
steady-state populations in the ground state, which is
directly related to the power or heat-current ratio via
W˙ p=1
W˙ p<1
≡ J
p=1
i
Jp<1i
=
ρp=100
ρp<100
. (9)
We consider this ratio in two limiting cases:
4Figure 3. (Color online) Limiting regimes of the heat currents
for high (left panel) and low (right panel) effective tempera-
tures. For the parallel case we assume an optimal initial state
(orthogonal to the dark state). The heat currents are related
to the steady-state population of the ground state via Eq. (9).
(i) As βeff → 0 (high effective temperature) the ther-
malized state corresponds to equipartition amongst the
levels. For parallel dipoles, the thermalized three-level
system behaves as a TLS (formed by the ground and
the bright states) with an effective dipolar transition en-
hanced by the number of thermalization pathways, in this
case two. Hence, in steady state half of the population
is found in level |0〉 (if the initial state had no dark com-
ponent). For misaligned dipoles, by contrast, thermal
equilibrium corresponds to the equipartition amongst the
three levels |1〉, |2〉 and |0〉. Consequently, only a third of
the population is found in the ground state. The 3/2 ra-
tio of the respective ground-state populations according
to Eq. (9) explains the ratio of the maximal enhancement
factors in the aligned and misaligned regimes at high Teff .
(ii) For large βeff , i.e. low Teff , however, Eq. (9) implies
that the maximal enhancement for misaligned dipoles co-
incides with its counterpart for aligned dipoles (the lat-
ter is maximized for an initial state perpendicular to the
dark state), since only |0〉 is then appreciably populated
in either regime.
Both regimes still retain the maximal enhancement fac-
tor of 2, because of their double thermalization pathways
instead of one for a genuine TLS. We have summarized
these results in Fig. 3. A beneficial influence of alignment
on power output is only expected for effective tempera-
tures kBTeff & ~ω0/10. For optical transitions this corre-
sponds to a few hundred Kelvin, whereas for microwave
transitions the benefit of alignment is already expected
for a few hundred milli-Kelvin.
The foregoing results will be generalized toN -level sys-
tems in a forthcoming article. The maximal enhancement
factor of the power output relative to a TLS is then found
to be N −1, which is the number of thermalization path-
ways. This can be clearly seen in the case of N − 1 fully
aligned, degenerate upper states, yielding the generaliza-
tion of (8) as follows,
W˙
W˙TLS
= (N − 1)
[
1− 〈Πd〉ρ(0)
]
, (10)
where 〈Πd〉ρ(0) is the projection of the initial state ρ(0)
onto the dark subspace.
Realizations V -systems with degenerate upper states
are commonplace in atoms devoid of hyperfine interac-
tions, e.g., Hg. The simultaneous coupling of such sys-
tems to hot and cold baths with controlled spectra can
realize the misaligned case.
The case of degenerate upper states and parallel tran-
sition dipoles (which, as discussed, is beneficial for power
enhancement only for high Teff), is obtainable only for
transitions between a lower state with angular momen-
tum l and magnetic number m and degenerate upper
states with the same m. In atomic degenerate V -systems
such parallel transition dipoles are forbidden by selection
rules. Their are, however, proposals that dressed states
may effectively realize such systems [39]. Molecules may
be another promising possibility due to their rich level
structure involving vibrational degrees of freedom [40].
Discussion Regardless of the transition-dipole align-
ment or small deviations from degeneracy, the maximally
enhanced power output of a near-degenerate V -system
heat engine is that generated by two independent two-
level systems. But as shown, there are conditions where
degenerate levels sharing a common ground state can
reach the same enhancement. For a generalization to N
levels, this maximal enhancement is (N −1)-fold. Hence,
level degeneracy is found to be a thermodynamic resource
that may effectively boost the power output. Yet, it does
not affect the efficiency: Since the same modifying fac-
tors [Eqs. (6) and (8)] are obtained for the heat currents
and the power, the efficiency η := −W˙/Jh of the degen-
erate multilevel heat machine is the same as for a two-
level system. Hence, the same universal dependence of
the efficiency on the modulation rate found in [21] holds
for the present system. In particular, as the heat cur-
rents (3) (by construction) fulfill the second and the first
laws, they adhere to the Carnot bound [26] (this may not
be true when the modulation is replaced by a quantized
piston [28, 29]).
At effective temperatures significantly larger than the
level spacing, the aligned regime, where steady-state co-
herences may play a rôle, can outperform all misaligned
cases. However, even when the aligned regime is advan-
tageous, we may not attribute the power enhancement
to steady-state coherence but rather to the ability of the
initial state to completely thermalize. Steady-state co-
herence is the consequence of this thermalization but not
its cause. We therefore conclude that coherence is not an
essential asset in multilevel-based heat machines. The
existence of multiple thermalization pathways sharing a
common ground state suffices for power enhancement.
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6SUPPLEMENTAL MATERIAL
Linear ODE system
As mentioned in the main text, the master equation can be mapped onto the linear system of ordinary differential
equations
d
dt
x = Ax+ b, (11)
with
x :=

ρ21
ρ12
ρ00
ρ22
 , (12)
the coefficient matrix
A := 1
2
∑
q∈Z
∑
i∈{c,h}
Gi(ω0 + qΩ)

−2 0 p (1 + 2e−βeff~ω0) 0
0 −2 p (1 + 2e−βeff~ω0) 0
2p 2p −2 (1 + 2e−βeff~ω0) 0
−p −p 2e−βeff~ω0 −2
 (13a)
and the inhomogeneity
b :=
1
2
∑
q∈Z
∑
i∈{c,h}
Gi(ω0 + qΩ)

−p
−p
2
0
 . (13b)
Note that the coherences between the ground and the excited states (ρ10 and ρ20) do not appear as they follow a
decoupled dynamics (leading to vanishing steady-state values).
The determinant of the coefficient matrix (13a) reads
det(A) =
1
2
∑
q∈Z
∑
i∈{c,h}
Gi(ω0 + qΩ)
4 16 (1 + 2e−βeff~ω0) (1− p2) (14)
and clearly reveals a singularity for p = ±1, i.e. for parallel and anti-parallel dipoles. The latter two cases thus behave
likewise, which justifies w.l.o.g. to restrict the domain of p to [0, 1] as done in the main text.
STEADY-STATE SOLUTION FOR PARALLEL DIPOLES
The steady-state solution of Eq. (11) for p = 1 reads
ρss00 =
1
1 + e−βeff~ω0
[1− 〈ψd|ρ(0)|ψd〉] (15a)
ρss22 =
1
2
1
1 + eβeff~ω0
[
1 + 〈ψd|ρ(0)|ψd〉 eβeff~ω0
]
(15b)
ρss11 =
1
2
1
1 + eβeff~ω0
[
1 + 〈ψd|ρ(0)|ψd〉 eβeff~ω0
]
(15c)
ρss21 =
1
2
1
1 + eβeff~ω0
[
1− 〈ψd|ρ(0)|ψd〉
(
2 + eβeff~ω0
)]
. (15d)
Upon diagonalization one recovers the diagonal steady-state solution provided in the main text [Eqs. (7)].
7POWER FOR A TLS-BASED HEAT MACHINE
For completeness we provide here the explicit formula for a minimal heat machine based on a periodically-modulated
TLS coupled to two baths (Ref. [21] in the main text),
W˙TLS = −
∑
i∈{c,h}
JTLSi =
∑
q∈Z
∑
i∈{c,h}
~ (ω0 + qΩ)P (q)
e−βeff~ω0 + 1
Gi (ω0 + qΩ)
(
e−βeff~ω0 − e−βi~(ω0+qΩ)
)
, (16)
where the notation is the same as in Eqs. (3) and (5) in the main text.
